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Summary

We explore the task of estimating the marginal or population averaged causal effect
of an exposure, when expressed as an odds ratio, in the presence of an instrumen-
tal variable (IV). Our motivation is to provide a framework for the analysis of
non-randomised epidemiological data to reflect what would have been estimated,
had a randomised controlled trial in fact been possible. Specifically, we investi-
gate two recently proposed methods - the ‘Adjusted’ IV estimator of Palmer et al.
(2008) and the G-estimator of Vansteelandt and Goetghebeur (2003) - which are
shown in a particular scenario to estimate the same theoretical quantity. General
weighted estimating equations are suggested as a means to implement both meth-
ods, which can then be tailored to deal with either prospective or retrospective
data. We evaluate their performance in practice in terms of bias, efficiency and

sensitivity to model misspecification.

Key Words: Causal odds ratio, Adjusted IV estimator, Logistic Structural Mean

Model, prospective and retrospective data.



1 Introduction

Ascertaining whether or not an exposure is causally related to the risk of a disease
is hugely important since, if this is indeed the case, resources can then be targeted
at the exposure, safe in the knowledge that the population’s health will benefit.
Ethical reasons often forbid randomised trials and consequently health profession-
als are forced to decide on public health interventions with evidence obtained from
non-randomised experimental data. However, evidence of an association gleaned
from such data does not guarantee that subsequent health interventions will have

an impact, because ‘association does not equal causation’.

In this paper we focus our attention on estimating the causal effect of a con-
tinuous exposure on a binary outcome. In order to motivate the problem let X
- the exposure of interest - and U - an unmeasured confounder - determine the

probability of disease Y through the logistic model

logit (Pr(Y = 1|X =a,U = u)) = [y + bz + [Pau (1.1)

where logit(p) = log(p/1 — p). Figure 1 (left) shows a causal diagram (Pearl,
1995) of the variables X,Y and U - the direction of the arrows indicate that U
may affect both the exposure X and the outcome Y but not the other way round,
so that U is effectively a ‘confounder’. We assume that U is the only common
cause of X and Y. For now, following the interpretation of Lin et al. (1998), we
think of U as a composite, normally distributed, standardised score constructed
from several continuous unmeasured confounders so that U ~ N(0,1). Using the
do() operator notation of Pearl (1995) the log odds of disease for an individual

with confounder level U = u would be

logit (Pr(Y = 1|do(X = x¢),U = u)) = [y + B1xo + Pou (1.2)

if allocated to treatment level zy. Since treatment allocation is independent of
the confounding variable U, this effectively removes the causal arrow from U to
X, as illustrated in Figure 1 (right), (Pearl, 1995). It follows that

B =1lo odds Pr(Y =1|do(X =29+ 1),U)
L= 199 " odds Pr(Y = 1|do(X = x),U)

encodes a conditional ‘causal’ log odds ratio of disease corresponding to a unit



increase in the exposure. Despite its causal effect interpretation, the magnitude
of exp((1) is of limited use for policy making. This is because it represents the
change in disease odds that would be realized in subsets of U if the exposure were
increased with a unit, which is difficult to interpret because U is unknown. In

particular, exp(f;) does not reflect the marginal ‘causal’ log odds ratio (CLOR)

B odds Pr(Y =1|do(X =z¢+ 1))
CLOR(wg,zo +1) = log{ odds  Pr(Y = 1|do(X = o))

= 6i{6} (1.3)

that would have been estimated, had an ideal randomised controlled trial (i.e.

with 100% compliance) in fact been possible. Here, 3 {5} can in principle be
obtained by integrating over 3,U. For a normally distributed confounder, 3; and
3 {32} are linked by the approximate 1-1 transform £y {#2} ~ (1(c232 + 1)z,
where ¢ = 164/3/157 and where the term (37 is the variance of the confounder
term (BoU, as in Zeger and Liang (1988). This approximation is only valid because
Tp is a constant and thus evidently independent of U; it will be referred to as the
ZL approximation from now on. The above result shows that the CLOR will in
general be an attenuated version of (1, except when (5 = 0. This is an unavoid-
able consequence of the fact that the odds ratio as a statistic is non-collapsible,
or equivalently that (with respect to U) the underlying marginal and conditional

parameters are not equal (Greenland et al., 1999).

In an effort to obtain parameter estimates from non-randomised observational
data which are free from confounding, and hence worthy of a causal interpreta-
tion, Instrumental Variable (IV) methods have been proposed. In order for a
particular variable to qualify as an instrument it must be: independent of the
confounder U, not independent (and hence predictive of) the exposure X and in-
dependent of the outcome Y, conditional on the exposure and confounder. These
assumptions are represented by the causal diagram in Figure 2, in which G is the
IV. In recent years it has become feasible and attractive to let genetic information,
such as a single nucleotide polymorphism (SNP) or a set of SNP’s; to play the role
of the IV. Since genes are randomly assigned from parents to their offspring at the
point of conception they are highly likely to be independent of confounding fac-
tors, such as diet and other lifestyle choices that impact an individual’s health in
later life. If a gene is a valid IV then one can think of the individuals with /without

it as being randomised to different arms of a hypothetical clinical trial, and as
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such we can use this information to help make causal inferences (Katan, 1986).
The use of genetic instruments is referred to as ‘Mendelian randomisation’ and is
becoming increasingly popular. At first glance their justification as instruments
appears strong, however, there are many biological factors unique to genes that
can prohibit their use as IV’s, due to violations of the necessary conditions. This
issue is not addressed, see Didelez and Sheehan (2007); Lawlor et al. (2008) for a

rigorous discussion.

The material in this paper is motivated by considering possible Instrumental Vari-
able analyses of population data under an identical model to that considered by
Palmer et al. (2008), and assessing how well they can approximate the causal
effect that would have been obtained from an RCT. In Section 2 we show the
precise differences between estimates for the association between exposure and
outcome, and estimates for the causal effect of the exposure under their proposed
Instrumental Variable method. In Section 3 we highlight its equivalence in this
setting with (a particular incarnation of) the Logistic Structural Mean Model of
Vansteelandt and Goetghebeur (2003). In Section 4 we explore the IV methods’
performance in estimating the CLOR with prospective data. In Section 5 we
discuss their use with retrospective data from a case-control study. We conclude

with a discussion.

2 The model

Following Palmer et al. (2008) we assume that the model for X given a measurable

covariate GG and the previously defined U, is

X =00+ a1G+axU + ¢ (2.1)

where € ~ N(0,02) that is independent of G and U. The ¢ term is important
because it represents our belief that the exposure level is not totally deterministic,
given GG and U, there is always some random variation. In accordance with the
causal diagram in Figure 2 we assume that G is independent of U and that G

only affects Y through X. This is made explicit by re-writing model (1.1) to be

logit (Pr(Y =1|X =2,U =u,G =g)) = fo + fiz + fou (2.2)



so that it is clear G 1L Y|X,U. Thus, as defined in equations (2.1) and (2.2),
G is an IV. When X is observed at level x, what would a logistic regression of
Y on X estimate as the odds ratio increase for unit change in X? To derive an
expression for this quantity we must deal with two separate issues; firstly because
X is observed at z (not fixed as in an RCT) it may not be independent of U;
secondly, since u is by definition not observable we are forced to average over it
as before. To achieve these two aims, and also to motivate subsequent results, it
is convenient to re-write equation (2.2) so that it is a linear function of = plus

independent error. The covariance matrix

2
Emu _ O-z pux Ox
PuzOz 1

describes the conditional dependence between u and x (given G), where p,, equals
22 This correlation can be removed by making the Cholesky transformation
T = Opwi, U = Pupwi + mm where wy,wy are i.i.d N(0, 1) variables. We
now re-write the right hand side of equation (1.1) so that its mean and variance

are unchanged, and also so that X is independent of the residual error, as

logit (Pr(Y =1|X =2,U=u,G=g)) = [+ iz+ fu
(foran wy 1l x) = (ﬁo - 52@2 ) (Bl ﬁ;a2) x

13 x

+ ﬁ l—a—ZWQ
v Oz

where j1, and o2 represent the underlying mean and variance of X. It now follows
that

logit (Pr(Y =1|X =2,G=g)) ~ (50 52(12 ) {%m}"’(ﬁl 62&2) Tops ) @

I x

where 02, = (3(1 — j—%) As one would logically expect, it follows that when
there is no confoundingx between X and Y, by either as, 35 or both being zero,
then fitting a logistic regression model for Pr(Y = 1|X = z,G = g) yields a valid
estimate of the CLOR. However, when both (3, and ay are non-zero it will not.

Note that the CLOR is in theory restricted to the same sign as 3; but will in



general be smaller in magnitude. The same is not true of the associational log

Baaz
o2

odds ratio, since its confounding bias component could in theory be larger in

magnitude and opposite in sign to (.

The most basic of IV analyses might take the following form. Since G 1L U
a linear regression of the IV only on the exposure should yield consistent parame-
ter estimates for ag and «. The fitted values of this linear regression could then
themselves be used as the covariate in a logistic regression on Y, and then the
coefficient of the fitted values taken as an estimate for the CLOR. As given in
Palmer et al. (2008) this would lead to an estimate of the form f3; {0%,} where

0%, equals (Braz + (2)* + Bio? since

logit (Pr(Y =1|X =2,U=u,G=g)) = [+ fix+ [u
= [+ Bilao + arg) + (Biaz + B2)u + Bre
(large sample approximation) =~ [y + (1 + (Brae + B2)u + Fre

from which

logit (Pr(Y =1|X =2,G =gq)) =~ B {oi,} + B {0}y } &

This is the standard two-stage least squares method - as applied to a continuous
outcome - transferred to the binary setting. If Y was continuous and linear models
were used, then this approach would yield an unbiased estimate of the causal effect
of X, however in the binary setting the correction is only partial. The fitted value
% is independent of the residual error term (involving u and €) and so confounding
bias is removed. This guarantees at least that the sign of the estimate will be
the same as the CLOR, but it will not in general be equal to the CLOR because
of the disparity between 0%, and 3. The exception is when 3; = 0 and so this
approach could at least be used to test the null hypothesis of no causal effect.
However, a worrying facet of this estimator is that it does not necessarily coincide
with the CLOR even when there is no confounding between X and Y, something

that even the associational estimate achieves.

2.1 The adjusted IV estimate

After noting the limitations of the standard IV approach, Palmer et al. (2008) sug-

gested an alternative estimator, with an additional term in the logistic regression
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- this being the residual error from the first stage regression r = x — & = asu + €.
A similar idea was proposed by Nagelkerke et al. (2000) as a way to adjust for
non-compliance in randomised clinical trials. To see why this is advantageous we
define the random variable R = X — ay — oy G, employ a similar transform to

remove the correlation between R and U, and note that

logit (Pr(Y =1|X =2,U=u,G=g)) = [+ fix+ [u
= o+ Bi(ag + arg) + Bi(azu + €) + Bou
(large sample approximation) =~ [y + (12 + 17 + [ou

for an we Il (Z,7) = ﬁo+ﬁ1§?+(ﬁl+ Bacra >r

a3 + o2
2
ag
+ foy| 5= w2
a3 + o2

logit (Pr(Y =1|X =2, R=r)) = [ {Uﬁdﬂv} + 3 {Ugdﬂv} T+ 0, {agdﬂv} r

from which

where o2 = B and B, = [y + 2o
adjiIV. =" aZ+o2 r— M aZ+o?”

Unlike the basic IV estimate, the adjusted IV estimate should be approximately
equal to the CLOR when no confounding is present. Under the ZL approxima-

tion, it provides an estimate which lies somewhere between 3; and the CLOR

2 2
since (33 > ngaQ > 0. As to where in this range the estimate lies, will clearly

depend on the proportion of variation carried over from the first stage regression
ol
az+o?

indication of the bias one might experience, Figure 3 plots the difference between

not explained by U - - which we will now refer to as P.. To give a rough

the adjusted IV estimate and the CLOR under the ZL approximation as a func-
tion of B and P., for f; = 1 and f in (0,1). At §3 = 1 a unit increase in the
value of a the unknown confounder increases the odds ratio of disease close to 3

times, which we feel is a fairly extreme scenario.

2.1.1 Implementing the adjusted IV method

Let us assume we have data z;, g;,y; for i = 1, ..., n, that is complete information

on the exposure, instrumental variable and outcome for n independent subjects.



Point estimates for the CLOR can be obtained under the adjusted IV method
by first regressing g on x using least squares, fitting the predicted values z plus
the residuals in a logistic regression on Y and taking the resulting coefficient of
Z. Equivalently this point estimate could be obtained by solving (with respect to
0 = (64, ...,05)) the multivariate score equation ;. S;(#) = 0 and taking its 4th

element, where S5;(0) equals

(1) Wiri(0)
gi

1 (2.3)
01+ 0sg; | [y — expit {05 + 0,2; + O51;(0)) }]
ri(6)

where r;(0) = x; — 6; — 69, The W; term equals 1 for all subjects when we
have standard prospective data, that is data on subjects who collectively form a
representative sample from the general population of interest. When this is the
case they can be ignored totally. Under the two-stage approach the variance of
the second stage estimates - most importantly the regression coefficient of = -
do not take into account the uncertainty from the first stage regression, whereas
the variance of the estimator 8 does and is well approximated by the ‘sandwich’

expression

oo (%ﬁ) Var [S,(6)] B! (%)T

The middle term is estimated by taking the sample variance of the individual
score terms at 0 = 0. E (M

00
95, (9)
00

component of S;(0) with respect to the [th element of 6 - secondly evaluating it at

> is estimated by; firstly calculating the gradient

[ element is the derivative of the j'th

matrix ( ) for each subject - whose j
6 and finally calculating the sample average over all subjects. The fourth diagonal

element of the resultant matrix is the estimated variance of the CLOR.



3 Estimation under a Logistic Structural Mean
Model

We now discuss applying a Logistic Structural Mean Model (LSMM) (Vanstee-
landt and Goetghebeur, 2003) to the problem. Although it is more common to
express the LSMM in counterfactual terms, for consistency we follow the notation
of Didelez et al. (2008); let X denote the natural (i.e. observed) exposure level
and X denote the exposure that the natural level is set to after an intervention.

The LSMM then postulates that following relation holds in the general population

(3.1)

o odds Pr(Y =1|X =2,G =g,do(X =2)) | _ v
g odds Pr(Y =1|X =z,G = g,do(X = 0))

It follows that

Y =lo

odds Pr(Y =1|X =1,G = g,do(X = 1))
odds Pr(Y =1/X =1,G = g,do(X =0))

expresses the difference in log odds that would be realized for subjects with unit

exposure (X = 1) if their exposure were set to 0. In view of this, 1x is commonly

defined as the causal effect of ‘exposure on the exposed’. This subtle difference in

interpretation arises because the LSMM, unlike the previous structural equation

models, does not make the untestable assumption that all subjects experience the

same effect of a given exposure level, no matter their natural exposure level.

Estimation of ¢ in the LSMM is based on G-estimation (Greenland et al., 2008;
Vansteelandt and Goetghebeur, 2003). For convenience let n;_, represent the
logit quantity in the numerator of equation (3.1) and ng_, the term in the de-
nominator. Let expit(p) be the inverse of logit(p). Although we do not observe
Ng_o, under the IV assumptions expit(ng_,) does not depend on g. By noting
that Pr(Y = 1|X = 2,G = g,do(X = z)) = Pr(Y = 1|X = z,G = g) and
specifying a working model for disease conditional on the IV and the observed

exposure levels - i.e. an approximation for n;_, - we can express 1;_, as

expit(ng_, — ¥a) (3:2)
and then estimate 1) as the value that makes (3.2) independent of g. Note that

estimation in the LSMM is semi-parametric in the sense that it only relies on
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correct specification of a working model for the probability of disease given expo-
sure and IV. Unlike estimation under the previous structural equation models, it
does not explicitly model the confounding variable U, nor the exact relationship
between G and X, and additionally makes no assumptions about the distribution
of U and X. Misspecification of the working model does not bias tests of the null
hypothesis of no causal effect so long as it includes at least an intercept and main
effect of the IV (Babanezhad et al., 2008). To maintain comparability with the
adjusted IV estimate, we now evaluate what the LSMM would estimate under the
structural equation model (1.1). Note that the LSMM does not hold under that
model, and neither does a logistic working model for Pr(Y = 1|X = z,G = g)
with main effects in X and G, so that we evaluate this approach under model

misspecification.

It follows using deterministic extended causal DAGs (Robins et al., 2006) that
model (1.1) implies logit (PT‘(Y = 1|X =2,G=g,do(X =x),U = u)) equals

Bo + brx + Pau
from (2.1) = ﬁg—i—ﬁlx—k%(x—ao—alg—e)
2

= (6o — 62%) + (b1 + &)37 - ﬁQalg - &6
(0%)] (0] (6] (0%)]
= o+ 012+ fog + Pae (3.3)
and that logit (P’I’(Y =1|X =2,G = g,do(X =0),U = u)) equals
Bo + Bau
from (2.1) = [y + %(m —ap— a1 — €)
2
_ (50 . 52040) + &x— 520419_ @e
Q9 [6%) [6%) (6]
= Bo+ (B — B)a+ Bog + Bae (3.4)

. . / .
To marginalise over ¢, we need to account for the dependencies between z, g

and €, which can be represented by the 3x3 covariance matrix

2

O Pgr0:0g PexO20¢
2
Pgz0x0g 0y 0 (35)
2
PexOz0c 0 (o
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Let X be the Cholesky decomposition of (3.5) and let ¥;; denote the ij’th element
of 3. Defining the quantities

, ; DINSY , 5y
a :ﬁ(zgl_ 32 21) and b = D3Ze2
2]22

and making the transformation z,¢g,€¢ — wy,wy, w3, id ~ N(0,1) enables (3.3)

to be written as

By + Br + g + Bye
(for wy,wy,ws L z,9) = B+ By (Snwr) + By(Sarwr + Laows)
+  By(Saiwi Taows + Taaws)
= (B —a e — b pag) + (By + a)x + (B, + b)g + B5Sssws

from which logit (Pr(Y =1|X =2,G = g,do(X = a:))) is

~ A0St + M {0Suutw+ A {05yt g
= NX=
where 02, = (+X2;. Likewise we can equally approximate the counterfactual

quantity ng_, as

Mo {08} + = B0 {oéar ) =+ Mo {odar } g
and therefore the difference between these two marginal quantities clearly implies
that ¥ {oZ 0} © = 51 {o%12} - Tt can be shown that

2 2
O'%MM _ 220-3 (1 . p2 . pgacpex )
2 €T 2
Qs 11— pgm
= O3P.

Therefore, if the stated structural equation model holds, then LSMM approxi-

mates the same quantity as the adjusted IV estimator.
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3.1 Implementation

In order to estimate the CLOR using this approach we could perform a logistic
regression of the working model on Y, and then find, by a grid search or numerical
optimisation, the ¢ that forces the independence in (3.2). This is equivalent to

solving the 4-dimensional score equation Y. S;(0) = 0 where S;(6) equals

Wi(gi — Ewlg])(expit {61 + (02 — ¥)x; + 039:} — Ewlexpit {61 + (02 — ¢)x + 039}])
1
z; | [yi — expit {61 + O2x; + 059, }]
Yi
(3.6)
for 0 = (¢,60,,0,,03) and where the expectation terms FEy[.] in the first score

element are weighted means, with respect to W (i.e for the instrumental variable
2 i Wigi
Z?:1 Wi

first diagonal element of the equivalent sandwich matrix is the variance of this

) Again, we assume for the moment that all W terms are equal to 1. The

CLOR estimate that also properly accounts for the uncertainty in the working
model. From now on we will refer to quantities derived directly from (3.6) as
‘LSMM(1)’ estimates.

3.2 A ‘marginalised’ LSMM estimate

Because the LSMM models the causal effect in the exposed, exp(¢) may differ
from the marginal CLOR which we identify as the target of interest in this paper.
Inferring the latter requires the additional assumption that the effect of a given
exposure level is the same for all subjects, no matter their natural exposure level.

This assumption can be formally expressed as

o odds Pr(Y =1|X =z,G = g,do(X = 1))
7\ odds Pr(Y =1|X =2,G = g,do(X = 0))

lo odds Pr(Y =1|X = 2*,G = g,do(X = z))
T\ odds Pr(Y = [|X = 2-,G = g,do(X = 0))

and is known as the assumption of ‘no-current-treatment-interaction’ (Vanstee-
landt and Goetghebeur, 2005; Hernan and Robins, 2006). Note that a similar

assumption is implicit in the previous structural equation models (but conditional
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on U). Under this assumption, the marginal CLOR can be estimated following
the lines of Vansteelandt and Goetghebeur (2005): noting that

Pr(Y =1|X =2,G = g,do(X = %)) = expit {ns_, + Y(a* — )}

we can obtain the numerator of (1.3) as the sample average of Pr(Y = 1|X =
z,G = g,do(X = 20+ 1)) over all subjects, and likewise for the denominator. We
will refer to quantities derived from this extra marginalisation phase as ‘LSMM(2)’

estimates.

4 Estimation in practice

Although we have shown what common value the adjusted IV and LSMM ap-
proaches estimate in theory, to investigate their behaviour in practice we conduct
a series of simulation studies. General population data sets of exposures, IV’s and
disease states (z;,¢;,v;) @ = 1,...,1000 were generated from models (2.1) and
(2.2) for specific parameter values and random error components €;, u; ~ N(0, 1),
enabling point estimates and variances to be obtained for the two methods. Fol-
lowing Palmer et al. (2008) the instrumental variable G was generated in a such a
manner as to represent the number of copies (0,1 or 2) of a single bi-allelic SNP in
Hardy-Weinberg equilibrium. The underlying allele frequency in the population
was assumed to be p = 0.3, and so G was generated from a multinomial dis-
tribution with cell probabilities (0.09,0.42,0.49). The standard IV approach was
fitted by firstly regressing the exposures on the IV to obtain a predicted value
Z, and then performing a logistic regression of the predicted value on the disease
states. The variance of this estimate was taken directly from the logistic regres-
sion output. The adjusted IV and LSMM(1) point estimates were obtained by
solving score equations (2.3) and (3.6), their variances were calculated using the

appropriate sandwich expression.

In order to assess the performance of the IV estimators in terms of bias and
coverage we need to decide, for each simulation scenario, the CLOR of interest
without appealing to the ZL approximation. In Section 1 we defined the CLOR in
equation (1.3) for a unit increase in the exposure, from z( to zo+ 1. However this
quantity will vary depending on the value of zy chosen. To illustrate this a data

set of size N = 5000 was simulated under models (2.1) and (2.2) given parameter
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values ag = 0, aq, s, 81, 02 = 1 and By = —5. This induced a disease prevalence
of approximately 10% in the sample. For each exposure level z;, i=1,..., N we
estimated

log {odds Pr(Y = 1|do(X = x; + 1)) }
odds Pr(Y = 1ldo(X = z;))
ffooo expit(Bo + Fr(x; + 1) + Bou)p(u)du
75 eapit(Bo + Bixi + Pou)p(u)du

= log

via the Monte-Carlo analogue

log {odds ¥ Dooes expit(Bo + Bi(wi + 1) + Bouy) }
odds + Zjvzl expit(Bo + frx; + Pauy)
by making use of the simulated confounder variables wuq, ..., uy. The solid black
line in Figure 4 shows the estimate for each x;. This CLOR measure is equal to 1
for subjects with low exposure levels and decreases to a minimum of approximately
0.8 for subjects with higher exposures around 4. It then increases back towards 1
for those with high exposures. The ZL approximation for the CLOR - 3, {33} ~
Br(c? 33 + 1)_% does not depend on X, and is shown by the horizontal line at ~
0.86. A single representative measure of the causal effect would quite reasonably
be CLOR(Z,Z + 1), that is the CLOR defined for a hypothetical individual with
the population mean exposure level . One could instead choose to estimate the

CLOR averaged over all exposure levels, that is

1 & odds + SV it(By + Bu(z; + 1) + Bous;
E, [CLOR(II?, T+ 1)] ~ N Z lOg { N Zjil N i (60 51 <I ) 62“]) }
i=1

odds + Zjvzl expit(Bo + frx; + Pau;)
These two measures are estimated for this data and illustrated in Figure 4. To
aid the interpretation of E, [CLOR(x,x + 1)] the density of the exposures is also

shown. In general they are very close, and due to its relative simplicity in calcu-

lation we choose CLOR(Z,Z + 1) as our benchmark.

Table 1 summarises the point estimates, variances and 95% CI coverages (with re-
spect to the CLOR(Z,Z+1)) obtained by; the standard IV, adjusted IV, LSMM(1)
and LSMM(2) approaches’. This last estimator was calculated by taking z* to be

Z, details as to how we calculated its variance can be found in the Appendix. Each
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number is the average of 2000 independent simulations. Rows 1-5 show the effect
of varying the parameter 3y, whilst holding the other parameter values fixed, rows
6-10 and 11-15 show the effect of varying 3 and as respectively. The adjusted
IV and LSMM(1) estimators perform significantly better than the standard IV
estimator and in a highly similar fashion, as predicted. A typical correlation be-
tween the adjusted IV and LSMM(1) point estimates was 0.98. However, across
all simulations the LSMM(2) estimator more closely followed the target of interest
- CLOR(Z,T + 1) - thereby exhibiting less bias.

4.1 Model misspecification

In order investigate the performance of each method under model misspecification
we altered the true underlying model for the disease data in the general population
to include an exposure-confounder interaction term. The disease outcome y is now

generated from

logit (Pr(Y =1|X =2,G = g, U = u)) = fy + Bix + fou + Bxyru

Since the effect of a unit increase in the exposure is now dependent upon U and
thus different between subjects with different natural exposure levels, the assump-
tion of no-current-treatment-interaction fails, which is explicitly relied on for the
LSMM(2) method. Table 2 rows 1-5 show the performance of the four methods
when data is generated under the above model. (3, was fixed to 0.5, all other pre-
vious parameter values the same and (Gxy was varied between 0 and 1. In order
to further remove the structure of the data from that which the theoretical re-
sults are based on we performed a second simulation, but this time modifying the
confounder U to be a binary, rather than a normal variable. Each subjects’ con-
founder was simulated from independent Bernoulli trials with success probability
p = 0.5, this created an exposure with a skewed continuous distribution, since the
random error component € was still normal. Rows 6-10 show the results. Across
both scenarios the adjusted IV and LSMM(1) estimators give indistinguishable
results for their mean point estimates and prove more robust at mirroring the
CLOR(z,z + 1) than the standard IV approach. Despite their estimates being
biased the adjusted IV and LSMM(1) approaches’ sandwich variances do a good
job of maintaining coverage levels, across both confounder distributions. The

LSMM (2) estimator performs well with a binary U, but is significantly worse
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than the adjusted IV and LSMM(1) estimators with a normal U, in terms of bias

and coverage.

5 Estimation with retrospective data

Prospective studies are sometimes not feasible for financial and practical reasons -
especially if the disease outcome of interest has a low incidence rate - and the case-
control design is often preferred. Let A = 1 indicate the event that an individual
is 'ascertained’, that is recruited into a case-control study. It is well known that
when the probability of disease in the general population is governed by model

(2.2) then in the ascertained population

logit (Pr(Y =11 X =2,G =g,U =u, A=1)) = By + Sz + Bou

where Bo = [y + log (%), 7 is the proportion of cases in the sample,

and Pr(Y =1) =1— Pr(Y =0) (Prentice and Pyke, 1979; Whittemore, 1995).
So, broadly speaking, estimates for the association between X and Y would be
identical when based on observational data or on case-control data, as only the
intercept parameter changes (if 7 = Pr(Y = 1) they are of course equivalent).
So, can we make straightforward causal inferences using instrumental variables
with case-control data? With prospective data which is a random sample from
the general population of interest, we may justifiably rely on the assumption that
G 1L U. However even if this is true in the general population, the theory of d-
separation tells us that conditional on being ascertained (and as such conditional
on the value of Y'), a correlation is induced between G and U since Y is a common
descendant of the two. This is often represented by the addition of a so called
‘moral’ edge between U and G, as in Figure 5. Specifically for the adjusted IV
method, this would mean that a linear regression of X on G would not yield a
consistent estimate for o; because the residual error term a,U + € would be corre-
lated with GG, which in turn makes the second stage CLOR estimate invalid. For
the LSMM method, this would mean that the basic idea underlying G-estimation
- that (3.2) is independent of g - becomes flawed.
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5.1 Correcting for ascertainment

Consider the distribution of X in the general population shown by the solid black
line in Figure 6 (left). This was generated by simulating from population models
(2.1) and (2.2) as described in Figure 4. Shown in red is the distribution of X in
the disease cases. Since the sign of (5 means that positive values of X are asso-
ciated with an increased diseased risk, the mean value of X|Y =1 is larger than
in the general population. Conversely the distribution of X in the non-diseased
population (shown in blue) is lower than than in the general population. However,
because the disease prevalence is low this distribution is much closer to the gen-
eral population than that of the cases. The grey line shows the distribution of the
exposure in the ascertained population when the cases and controls are sampled
in the ratio 1:2. Note the mean and variance are larger than in the general pop-
ulation. Figure 6 (right) shows the distribution of the instrumental variable G in
the same groups. Given an allele frequency of 30% the proportion of hetrozygotes
in the general population should be 0.42 under the HWE assumption, this is fairly
close to the control group frequency but not that of the cases or the ascertained

population.

The small distance between the distributions X and G in the general popula-
tion and the control group lies behind the justification that, when analysing case-
control data, inference for the effect of G on X should only be based on the controls
(Thompson et al., 2005). This suggests that for the adjusted IV estimator one
could approximately correct for ascertainment by modifying the score equation
weights in (2.3) so W; = 0 if subject i is a case but 1 if they are a control. We will
refer to this as the ‘crude’ weighting strategy. An alternative weighting strategy is
possible if the disease prevalence is known; following the example of Whittemore
(1995) we write the distribution of X in the general and ascertained populations

as

Ppen(X) = Pr(X|Y =1)Pr(Y =1) + Pr(X|Y = 0)Pr(Y = 0)
Pue(X) = Pr(X|Y =1)r+ Pr(X|Y =0)(1—7)

which makes clear that, in our ascertained population we have over-sampled the

case exposures relative to the general population by a factor of w. Likewise

Pr(Y=0)
f 1—m

the control exposures have been under-sampled by a factor o . The same
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reasoning equally applies to GG. This suggests that, for the adjusted IV estimator,
one could more accurately correct for this selection effect by applying score equa-
tion (2.3) with modified weights W; = w if subject ¢ is a case and @
otherwise. This is referred to as the ‘exact’ weighting strategy.

The LSMM is also affected by ascertainment. Let N%—y|a=1 TePresent the analo-
gous unconditional quantity from Section 3, with a modified intercept parameter
:\0 = Ao + log <%>. While it can be shown that in the case-control
sample

N%—gjac1 — Ng—ojac1 = YT
still holds, we cannot readily estimate estimate v for the following two rea-
sons. First, whilst expit(ng_,) AL G holds for prospective data, we do not have
expz't(nj(:o‘A:l) 1l GJA = 1. Second, even if it were true that expit(nj(:olA:l) il
G|A = 1, this would require a consistent estimator of the intercept parameter \g.
After some investigation, we suggest therefore to fit the same working model as
before, and then to use weighted G-estimation (with an ascertainment corrected

offset) to obtain 1 via the approximation

Ewlexpit(ng_yazy — Oa —2)|A = 1] = expit(ng_, —vr) L G ~ Ew[G|A = 1]

where O4 = log {%} is the offset. This approximation is implemented
by solving score equation (3.6), but for the first element of the score equation
substituting the W; terms with the previously defined ‘exact’ weights, and using
the same information to correctly specify the offset O4. Crude weighting can
also be used as before, but with less justification because it does not lead to an

approximately valid working model for disease given exposure and IV.

How well can the crude or exact weighting methods perform with retrospective
data, in the sense of producing inferences similar to those that would have been
obtained from an unweighted analysis of prospective data? For the same param-
eter values as in Table 1 (rows 6-10), prospective and 1:2 case-control data sets
of size n = 1500 were simulated. Table 3 shows the average estimates for the
CLOR obtained from the prospective data under the adjusted IV and LSMM (1)

methods. These are compared to the estimates obtained from case-control data
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(under the two weighting strategies) through their average difference. For the
exact weighting method, Pr(Y = 1) was assumed fixed and known for the simu-
lations. The variance of the case-control estimates is also shown, along with their

coverage with respect to the CLOR(Z,z + 1) - again, see Table 1 for these values.

For the case-control data analysed using exact weighting, the adjusted IV and
LSMM (1) methods give near identical mean point estimates, which exhibit a
negligible difference compared to those based on prospective data. Crude weight-
ing performs fairly well but produces mean point estimates with small but non-
negligible differences to their prospective counterparts. This difference increases
with 3, and is reflected by a loss of coverage with respect to the CLOR(z,z +1).
Crude weighting seems to affect the adjusted IV and LSMM(1) methods differ-
ently, with the LSMM(1) estimate performing slightly worse. The precision of
both the adjusted IV and LSMM(1) the estimates is also detrimentally affected
by crude weighting, since one effectively throws away a third of the data when

summing particular components of score equations (2.3) and (3.6).

6 Discussion

Using instrumental variables to estimate the causal effect of continuous exposure
on a binary outcome is a challenging task, especially when the effect is measured
as an odds ratio. In this paper we have shown that under various modelling and
distributional assumptions, including a multivariate normal X and U, the ad-
justed IV method of Palmer et al. (2008) and LSMM (1) estimate of Vansteelandt
and Goetghebeur (2003) target the same quantity in theory, and in practice also
perform very similarly in terms of bias, variance and their sensitivity to model
misspecification. Real differences between the methods were apparent when ret-
rospective data was analysed using ‘crude’ weighting, with the LSMM(1) per-
forming slightly worse. In many other circumstances the two methods do behave
differently when applied to prospective data, for example when the exposure is
dichotomous (Babanezhad et al., 2008). There, the LSMM method is less prone
to bias (and guaranteed to be unbiased at the causal null hypothesis) as a result of
making fewer modeling assumptions and avoiding approximations, but can have
somewhat greater imprecision. The marginalised LSMM (2) estimate was shown

to potentially provide the least biased estimate of all, but to be possibly more
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vulnerable to an exposure-confounder interaction.

In contrast to Palmer et al. (2008), who focus on the direct effect 3; of the expo-
sure on outcome conditional on U, and to Vansteelandt and Goetghebeur (2003),
who focus on the exposure effect in the exposed, we highlight the odds ratio ob-
tained from a randomised controlled trial as the target of interest. In particular,
we focused on the marginal causal log odds ratio C LOR(z, Z+ 1), which expresses
how much the odds of disease would change if each subject’s exposure were in-
creased from 7 to  + 1. Alternatively, we could have considered the following

estimand
PT(Y)(_H = 1)PT‘(YX == 0)

PT(Y)(_H = O)PT(YX == 1)

log

where Yy =Y and where
Pr(Yys =1) = /P'r’(YwH X = 2, Q) f(X = 2[G) f(C)dzdC

This estimand expresses how much the odds of disease would change if each
subject’s observed exposure were increased with a unit. Under the no-current-

treatment-interaction assumption, it can be calculated as

pa(l — po
log ﬁ
with
p = E{expit(S + 51.X; + 3G + 1)}
and

po = E {expit(Gy + £1.X; + 52G,)}

where population values can be replaced with consistent estimates and popula-
tion expectations with sample averages. In the economics literature [3; is more
commonly sought and is often termed the ceteris paribus causal effect, that is
the effect of X on Y if all other variables are held equal, Bierens and Swanson.
(2000). The disparity between (3; and the CLOR can be large, which might mean
that despite there existing a strong causal relationship within many subgroups
of the population, the relationship at the aggregate level appears weak or even
non-existent. Although one may therefore wish to estimate the CLOR for these
specific subgroups instead, using (; does not attain this goal because it expresses

the effect for subgroups which are unknown (by the fact that U is unknown).
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Suppose therefore that the composite confounder u can be partitioned into two
sources; known and unknown. Let U ~ N(0,1) be the unknown component as
before and let V' ~ N(0,1) be the known component, reflecting the subgroups
that we may be interested in. Let p,, be the correlation between U and V. Using
similar correlation removing transforms as before we rewrite the first regression

equation

f(X=2|G=9g,U=u,V=v) = ag+a19+ asu+yv+e
= ap+ a9 +7v+asws +€

where v = v + agpu, o = agy/(1 — p2,) and wy is an independent N (0, 1) error
term. The linear predictor for the logistic regression on Y becomes

logitPr(Y = 11X =2,G=¢g,U =u,V =v) = [o+ [z + Av+ [ou
= fo+ Bir + Ajv + Brws

where A} = Ay + Bopuy and G5 = [ar/(1 — p2,). It is simple to show that when

conditioning on the covariate V' in the analyses as above, the adjusted IV approach
p3202

ag?+o?
be the quantity estimated by the Logistic structural mean model given the true
model above and a working model for logitPr(Y = 1|X = z,G = g,V = v) that

is linear in X, G,V with no interaction terms. Thus, any non-zero correlation

will produce a log odds ratio estimate of 3; { } This will also approximately

between U and V will reduce the distance between the marginal log-odds ratio
and the underlying conditional estimate, see Figure 7 for an illustration. However,
care must taken when including covariates in the analysis as they can invalidate
the IV methods; one must be certain that GG is an IV conditional on the extra
covariates, which may be hard to determine, and flawed when these covariates are

simultaneously influenced by the IV and outcome.

General weighted estimating equations were suggested in order to implement the
adjusted IV and LSMM approaches, which allowed the analysis of prospective and
retrospective data within a single framework. Unsurprisingly ‘Exact’ weighting of
cases and controls using the population disease prevalence was shown to outper-
form crude weighting, in terms of bias and precision. However, in reality there

may be uncertainty about the disease prevalence. In that case, an alternative to
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crude weighting might be to postulate lower and upper bounds for the prevalence
and to perform a sensitivity analysis, King and Zeng (2002). The usual confidence
intervals can then be accommodated to take the uncertainty on the disease preva-
lence into account, Vansteelandt et al. (2006). Under the rare disease assumption,

an alternative would be to use that

Pr(Y =1|X =2,G=g,U=u) ~ exp(Bo)exp(5 X + 5U)

The fact that the intercept parameter can be isolated in this way may make it
easier in particular for Structural Mean Models to be applied to retrospective data
in the same manner as for prospective data (without informative weights), since
G-estimation could then be employed successfully without knowledge of y. This

is a topic for further work.
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A Appendix

A.1 Variance of the LSMM(2) estimator

Note that a )
o il — fo
CLOR(z,z+1) =log
( ) Mo(l - Ml)
where
= E{expit(fy + B1.Xi + foGi + (2 +1 - X))}
and

po = E {expit(fy + 51X, + 5.G; + ¢ (T — X;)) }

Let us denote this estimand with 1 and let the corresponding estimator be 7.

Likewise, denote the estimators of u; and pg with 1 and fig, respectively. Then
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a Taylor series expansion shows that
1 ¢ - 5 5 e .
0= —= > expit(fBo + i X + oG + (- X)) — fio
i=1

= % Z expit(By + 51X, + BoGi + (T — X;)) — 1o
i—1

L 5 pl2 U (0
—v/n(fio — po)
from which

Vi(fo — o) = % S expit(fo + BiX; + :Gi + (7 — X)) — ao
=1

+% ; E [%expit(ﬁo + 01X, + GG, + ¢(j; _ Xz)):| Et (a[gée)) UZ(Q)

It follows that the influence function (Tsiatis, 2006) for /i is

expit(fy + 51.X; + 5oGs + (T — Xi)) — o
+E [ﬁexpit(ﬁo + BiX; + oG+ (T — X,-))} B! (a(gge)) Ui(60)

00

and, from the Delta method, that the influence function for 7 is
————— [expit(Bo + 51 Xi + BoGi + (T + 1 — X;)) — pio
pa(l — i)

‘B [%expit(ﬁo X+ BG4 (a1 X»)} £ (a[gf)) Uzw)]

(=) [expit(fo + 51.X; + BoGi + ¥ (T — X;)) — po

+FE {%expit(ﬁo + 01X + GG + (T — X,-))] E! (azgée)) Ui(e)}

The asymptotic variance of 7 thus equals the 1 over n times the variance of this
influence function (where averages and variances can be replaced with sample

analogs, and population values with consistent estimators).
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X Y X Y

Figure 1: Left: Causal diagram representing the relationship between observed
levels of exposure X and outcome Y in the presence of an unknown confounder
U. Right: Their relationship iof X is fized by design, as in an RCT.

U

G X Y

Figure 2: The causal model commonly assumed to hold in an Instrumental Variable

analysis - G being the IV.
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Figure 4: FEzposure level x versus CLOR(x,x + 1) for a distribution of 5000
exposures generated as in Section 4. Highlighted in red are CLOR(Z,% + 1) and
E,[CLOR(x,x + 1)] for this data.
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Ascertainment

Figure 5: The previous causal graph with added moral edge between the instru-

mental variable G and confounder U, induced by conditioning on the value of
Y.
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Figure 6: Left: The distribution of X in (i) the general population (ii) the disease
cases (iii) the non-diseased and (iv) the ascertained sample. Right: The distribu-

tion of G in the same subgroups.
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Figure 7: : Theoretical lower and upper bounds for the adjusted IV and LSMM
estimates (under the ZL approxzimation) when conditioning on a covariate v that

1s correlated with w.
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