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Abstract

We consider a clinical trial with a survival outcome, in which subjects may

switch in a non-randomised manner from their randomised treatment to con-

trol treatment during follow-up. We extend a method for binary outcomes,

due to Sommer and Zeger, by viewing a survival outcome as a sequence of bi-

nary outcomes. This leads to a simple expression for the hazard ratio among

non-switchers at each time in terms of the unadjusted hazard ratio and the

proportion of switchers among subjects who experience events. We also esti-

mate an overall adjusted hazard ratio. Although our method is approximate,

it has the advantage of preserving the significance level of the log rank test.

A simulation study shows that the method works well for the overall ad-

justed hazard ratio but that interval-specific estimates are under-adjusted as

the degree of switching increases and as the association between switching

and events becomes stronger. The method is illustrated using data from the

Concorde trial of immediate versus deferred treatment in HIV infection.



1 Introduction

Trials with long-term follow-up and survival outcomes frequently have sub-

stantial numbers of subjects who change from their randomised treatment.

These changes may include switches to the other trial treatment or changes

to non-trial treatment. We will consider the analysis of trials with treatment

switches, including trials of treatment versus no treatment where subjects

may discontinue treatment.

Sometimes the aim of analysis is to compare treatment policies (a prag-

matic approach [1]), where the policies involve starting with a particular

treatment but then making changes as necessary. The appropriate analy-

sis here is intention-to-treat (ITT) analysis which compares the groups as

randomised, ignoring the treatment changes.

Sometimes, however, the aim of analysis is to compare the treatments

themselves and to estimate the explanatory treatment effect or efficacy [1, 2].

Efficacy may be defined as the treatment effect that would have be observed

if, contrary to fact, no individuals switched from their randomised treat-

ment. Alternatively and more pragmatically, efficacy may be defined as the

actual treatment effect in a subgroup of ‘compliers’ who would receive treat-

ment if and only if randomised to it – the complier average causal effect

(CACE) [3] or local average treatment effect [4]. Treatment switches typi-

cally make the treatment experiences of the randomised groups more similar

than they would otherwise have been, so that estimates from the ITT anal-

ysis are biased towards the null as estimates of efficacy. The efficacy may be

of pharmaceutical interest, or it may help to inform a comparison of different

treatment policies. Consider, for example, a treatment that showed an unex-
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pected benefit in a clinical trial, despite substantial rates of discontinuation.

After the trial results are published, discontinuation rates may well decrease,

so that the benefit of the treatment policy will become larger and approach

the efficacy.

Explanatory analysis could be based on comparisons of groups defined

by treatment actually received. However, this is commonly biased since sub-

jects who stop their randomised treatment may have very different prognosis

from those who continue [5–7], and the benefits of randomisation are lost.

For this reason ITT analysis is commonly advocated as the only safe ap-

proach. There are, however, methods which estimate efficacy while still be-

ing based on comparisons of the randomised groups. We previously termed

these randomisation-based efficacy estimators (RBEEs) [8]: they have the

desirable property that their significance level equals that of a specified ITT

analysis.

One class of RBEEs applies to situations of “all-or-nothing compliance”

– for example, where some subjects randomised to a surgical procedure do

not receive that procedure. In these situations the CACE is estimated in the

subgroup of compliers – individuals who would not switch from the allocated

treatment, whether it was treatment or control. When interest lies in the

mean difference between groups, the CACE may be estimated as the ITT

difference in outcome divided by the difference between the two randomised

groups in the proportion of subjects receiving the new treatment [4, 9–11].

Related approaches have been used for survival outcomes with all-or-nothing

compliance [12, 13].

An alternative class of RBEEs is based on causal models relating observed
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outcomes to potential outcomes in the presence or absence of treatment. Es-

timation exploits the equality of potential outcomes between randomised

groups. These methods have been successfully used for survival outcomes

with treatment changes occurring throughout follow-up using the causal ac-

celerated life model [5, 14–19]. The practical usefulness of these methods is

limited because they do not directly estimate the hazard ratio and because

they may be unduly influenced by small treatment-time interactions [8, 19].

At present, ad-hoc methods are commonly used. For example, a recent

major trial divided the observed log hazard ratio by the fraction of person-

years on treatment [20]. We will show that this method may be inappropri-

ate. There is therefore a clear need for a randomisation-based method for

estimating the hazard ratio.

This paper proposes a new approximate hazard-based RBEE for estimat-

ing efficacy in clinical trials with survival outcomes. Our method is an exten-

sion of the randomisation-based efficacy estimator of Sommer and Zeger [10]

which we review in Section 2. In Section 3 we extend the method for a survival

outcome with treatment changes occurring throughout follow-up. Standard

errors and confidence intervals are discussed in Section 4. In Section 5 we

show how to estimate the adjusted hazard ratio under the assumption that it

is constant. In Section 6 we extend the methods to work in continuous time.

The extension to time-dependent treatment changes and survival outcomes

involves approximations which we investigate algebraically and by simulation

in Section 7. In Section 8 the methods are applied to the Concorde trial of

immediate versus deferred zidovudine treatment in asymptomatic HIV infec-

tion, in which, following a protocol amendment in line with clinical practice,
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individuals in the deferred group were allowed to start zidovudine early in

the face of persistently low CD4 counts, but without clinical symptoms. We

conclude in Section 9 with a discussion.

2 Method of Sommer and Zeger

Sommer and Zeger [10] discussed a trial in which villages in rural Indonesia

were randomised to treatment (vitamin A supplementation) or no treatment.

Some villages randomised to treatment actually received none, while all vil-

lages randomised to no treatment were assumed to receive no treatment. The

outcome was child mortality, and the cluster randomisation was ignored for

this analysis.

Define the following random variables for each child: D = 1 if the child

died, 0 otherwise; R = E if randomised to experimental treatment, C if ran-

domised to control; actual treatment Z = 1 if they received the treatment,

0 otherwise; compliance-type W = 1 if they would receive treatment if ran-

domised to treatment, 0 otherwise. For children in the experimental arm,

W is observed and equals Z; for children in the control arm, W is unob-

served. By definition, W and R are independent. Define the non-compliance

probability α = P (W = 0). We assume that α < 1, so that at least some

children would receive treatment if randomised to it. For r = E, C, define

the event probabilities in non-compliers πr0 = P (D = 1|R = r,W = 0), com-

pliers πr1 = P (D = 1|R = r,W = 1) and all subjects πr = P (D = 1|R = r),

so that

πr = (1− α)πr1 + απr0. (1)

Define ITT = πE/πC as the overall risk ratio and CACE = πE1/πC1 as the
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complier average causal effect on the risk ratio scale. Because W is unob-

served in the control arm, πC0, πC1 and CACE are not directly estimable,

but ITT, α, πE0, πE1 and πC are directly estimable.

In order to estimate CACE, Sommer and Zeger made the exclusion re-

striction assumption [4] that outcome is independent of randomised alloca-

tion among the treatment-non-compliers:

πC0 = πE0 (2)

Assumption (2) is likely to be true in a blind trial; in the vitamin A trial,

it is likely to be true because villages who did not receive treatment were

unaware of their randomised allocation. In some unblinded trials, however,

the knowledge that a patient was allocated a treatment could affect their

outcome even if the treatment was not received. Sensitivity to breach of the

exclusion restriction has been discussed, and may be reduced by the use of

covariates that predict compliance [21–23].

Estimation of CACE is now possible, because the assumed outcomes of

the non-compliers in the control arm may be subtracted from the observed

outcomes in the control arm. Using (1) and (2) we may write CACE in

terms of directly estimable quantities:

CACE =
πE1(1− α)

πC − απE0

. (3)

In later sections we will use an equivalent expression which may be derived

from (3):

CACE =
ITT (1− λ)

1− λITT
(4)

where

λ = P (Z = 0|D = 1, R = E) (5)
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is the non-compliance probability among individuals in the treatment arm

who experience events (λ = απE0/πE). Note that the denominator of (3)

and (4) is non-negative under the assumed model.

Suppose we observe dE0, dE1, dC events among nE0, nE1, nC subjects,

in an obvious notation. Then ITT and λ may be estimated as dE/nE

dC/nC
and

dE0/dE+, where + denotes summation over all possible values. Substituting

in equation (4) gives an estimate of CACE:

̂CACE =
dE1/nE

dC/nC − dE0/nE

(6)

If nE = nC this expression is dE1

dC−dE0
: the numerator is the observed number

of events among treatment-compliers in the treatment arm, while the denom-

inator uses the exclusion restriction assumption to estimate the number of

events among treatment-compliers in the control arm.

Estimate (6) is the maximum likelihood estimate provided that π̂C1 =

dC/nC−dE0/nE

1−nE0/nE
lies between 0 and 1. This happens if two boundary conditions

hold: (1) dC/nC > dE0/nE and (2) (nC − dC)/nC > (nE0 − dE0)/nE [24]. If

condition (1) is violated then the maximum likelihood estimate of πC1 is 0: if

dE1 > 0 then the profile likelihood increases with CACE and the maximum

likelihood estimate is +∞, while if dE1 = 0 then the data provide no infor-

mation about CACE [11]. If condition (2) is violated then the maximum

likelihood estimate of πC1 is 1 and ̂CACE = dE1/nE. In practice, violations

of these conditions casts doubt on the exclusion restriction (2): for exam-

ple, with nE = nC , if more deaths occur in non-complying treatment arm

subjects than in control arm subjects (dE0 > dC), then the former may be

harmed by their randomised allocation despite not receiving the treatment.

We note several special cases. Firstly, for risk ratios near 1, a Taylor series
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expansion of equation (4) about log ITT = 0 gives log CACE ≈ log ITT/(1−
λ). This shows that CACE lies further from the null than ITT . Secondly,

if switching is independent of prognosis, then we may set πE0 = πC in (3).

Using πE1(1−α) = πE−απE0 and rearranging gives ITT = α+(1−α)CACE,

a simple weighted average of the risk ratios in non-compliers and compliers

[25].

We have so far assumed α < 1. If α = 1, so that there are no compliers

and λ = 1, then CACE is undefined; also, the exclusion restriction assump-

tion (2) implies that ITT = 1, and CACE is undefined in (3). One might

in practice observe no compliers (nE1 = 0). In this case one of the boundary

conditions is always breached. In practice, one would not wish to estimate

CACE in this circumstance.

This method has been extended to deal with switches from control to

treatment (‘contamination’) under a second exclusion restriction assumption

[11]. Extending the above notation, it can be shown that

CACE =
ITT (1− λE)− λC

(1− λC)− ITT λE

(7)

where λE is the probability that individuals who experience events in the

treated arm did not receive treatment, and λC is the probability that indi-

viduals who experience events in the control arm did receive treatment.

3 Methods of Sommer and Zeger extended to

a survival outcome

A survival outcome may be regarded as a sequence of binary outcomes, so

it is natural to seek to extend the methods of Section 2 for this case. We

divide follow-up into intervals i = 1, . . . , I. Let random variable T denote
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the interval in which an event occurs, or I + 1 if no event occurs. Then the

ITT risk ratio in interval i is

ITTi =
πEi

πCi

=
P (T = i|T ≥ i, R = E)

P (T = i|T ≥ i, R = C)
(8)

In Section 6 we will let the intervals become very narrow so that ITTi be-

comes a hazard ratio.

We consider the case where individuals in the control arm are never

treated. Assume that individuals in the experimental arm may stop treat-

ment but only at the start of an interval, and define the random variable W

(compliance-type) as the interval in which this stopping occurs, or I +1 if no

stopping occurs. For individuals in the control arm, let W be the interval in

which stopping would have occurred, had they been allocated to the experi-

mental arm. Let random variable Zi indicate actual receipt of treatment in

interval i. We assume an extended exclusion restriction that randomised al-

location has no effect on any survivors to interval i who would stop treatment

by the start of interval i:

P (T = i|T ≥ i,W = w, R = E) = P (T = i|T ≥ i,W = w, R = C) (9)

for all i and for all w ≤ i. For individuals who would stop treatment im-

mediately after randomisation (w = 1), this is the same as the exclusion

restriction discussed in Section 2. For other individuals, it is plausible if past

treatment may be assumed to have no effect on current risk; otherwise, it

may be appropriate to lag treatment changes, which we do in Section 8.

We define CACE in interval i as the risk ratio among those who survive

to interval i and who would not stop treatment before the end of interval i:

CACEi =
P (T = i|T ≥ i,W > i,R = E)

P (T = i|T ≥ i,W > i,R = C)
(10)
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Using the extended exclusion restriction assumption, we show in appendix A

that

CACEi ≈ CACE∗
i =

ITTi(1− λi)

1− λiITTi

(11)

where

λi = P (Zi = 0|T = i, R = E) (12)

is the probability that an individual who has an event in interval i has pre-

viously stopped treatment. Approximation (11) is valid either if the total

event rate is small for each value of W or if the treatment effect CACEi is

small in each interval (see Appendix A). One of these assumptions is likely

to hold in many situations encountered in practice.

We will first consider estimation of CACEi separately for each interval,

deferring estimation of a common value until Section 5. CACEi is a simple

function of ITTi and λi. Let numbers of deaths in interval i and numbers

of subjects at risk be dE0i, dE1i, dCi and nE0i, nE1i, nCi. Then ITTi may

be estimated as dE+i/nE+i

dCi/nCi
, the observed risk ratio. With large numbers of

intervals it would be desirable to model ITTi over time, for example using

Poisson or Cox regression with linear predictor αi + (β0 + β1i)r in arm r

and interval i. λi is the fraction of events in the experimental arm in which

treatment was previously stopped and may be estimated as dE0i/dE+i. One

could also model λi using logistic regression of previous stopping on interval,

restricted to individuals in the experimental arm who have events. Boundary

conditions apply as in Section 2.

In the presence of censoring, the estimate of CACEi is valid provided that

(1) the estimate of ITTi is valid, which happens if censoring is independent

of event time, and (2) the estimate of λi is valid, which happens if censoring
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in the experimental arm is independent of actual treatment, conditional on

event time. We therefore make different assumptions in the two arms. In

the treated arm, we assume that censoring is independent of both events and

actual treatment, whereas in the control arm we only assume that censor-

ing is independent of events. By contrast, with all-or-nothing compliance,

Frangakis and Rubin produced consistent estimates under the assumption

that censoring is independent of events given compliance-type, an assump-

tion that is weaker than ours in the treated arm and arguably more plausible

than ours in the control arm [26].

In the special case of all-or-nothing compliance, the extended exclusion

restriction (9) follows directly from a simple exclusion restriction. However,

our method remains approximate, and exact methods are available [12, 13,

26]. Our method should be most valuable with time-dependent treatment

switches.

4 Standard errors and confidence intervals

Approximate standard errors and confidence intervals for CACE∗
i may be

computed by ignoring uncertainty in the estimated λi. A confidence inter-

val for the adjusted hazard ratio CACE∗
i can then be obtained simply by

replacing ITTi in equation (11) with its confidence limits. Despite ignoring

uncertainty in λi, this procedure has the desirable property that it exactly

preserves the ITT significance level: ÎTT i is significantly different from 1 if

and only if ̂CACE∗
i is significantly different from 1.

A second approach is to use bootstrap methods [27], sampling whole

observations with replacement. ITTi and λi, and hence CACE∗
i , are esti-
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mated for each bootstrap sample. If the bootstrap estimates of CACE∗
i are

Normally distributed then a standard error estimated from 200 bootstrap

samples should be adequate to give a Normal-theory confidence interval, but

otherwise more bootstrap samples will be required.

Sommer and Zeger estimated standard errors using the delta method [10].

This approximate method has been shown to yield incorrect type I error rates

[24]. We therefore suggest that standard errors conditional on λ̂i should be

used for preliminary work but that they should be checked by bootstrap

methods.

5 Estimating a global adjusted treatment ef-

fect

In many applications it will be reasonable to assume that CACE∗
i is constant,

say θ. We propose estimating θ conditionally on λ̂i = dE0i/dE+i. equation

(4) then implies that the ITT risk ratio between the treated and control arms

in interval i is

ITTi(θ) =
θ

1 + λi(θ − 1)
(13)

The model may be fitted by maximising the partial log-likelihood

∑

i

dTi log ITTi(θ)− d+i log {nCi + nTiITTi(θ)} (14)

with respect to θ. Here dri and nri are the number of events and the number

of subjects at risk in arm r = E,C in interval i. The standard error for the

adjusted log hazard ratio, conditional on λ̂i, can be obtained from the ob-

served information matrix. Bootstrap methods yield unconditional inference

as in Section 4.
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This method yields a test statistic for θ = 1 which is different from the

ITT test statistic. It is debatable whether this is desirable. In most situ-

ations, the focus of secondary analysis is to estimate θ, and differences in

the significance level are either of minor interest or are prone to misinter-

pretation. We may produce an estimator that is consistent with the ITT

significance level by using a weighted partial log-likelihood

∑

i

wi [dTi log ITTi(θ)− d+i log {nCi + nTiITTi(θ)}] (15)

because the score statistic for θ = 1 is

∑

i

wi(1− λ̂i)

(
dTi − d+inTi

n+i

)
(16)

and the choice wi = 1/(1− λ̂i) yields the log-rank score statistic. This ITT-

weighted method therefore exactly preserves the log rank significance level if

the score test is used with standard errors conditional on λ̂i.

Proportional hazards models can not in general hold exactly for both the

unadjusted ITT and the adjusted ITT. However, in practice, each may fit

well enough to give useful global estimates of unadjusted and adjusted ITT.

6 Extension to continuous time

So far we have grouped follow-up into discrete intervals, which is arbitrary

and involves the unrealistic assumption that treatment is constant through

intervals. We now adapt our method for continuous time by letting the

interval width tend to zero and making modelling assumptions. We mod-

ify the notation of Section 3, replacing the subscript i by an argument

t (time), and redefining πE0(t) etc. as hazard functions. The quantities
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ITT (t) = πE(t)/πC(t) and CACE(t) = πE1(t)/πC1(t) are now hazard ra-

tios, and equation (11) becomes

CACE(t) ≈ CACE∗(t) =
ITT (t)(1− λ(t))

1− λ(t)ITT (t)
(17)

We propose fitting parametric models for ITT (t) and λ(t), yielding a para-

metric form for CACE∗(t).

To estimate ITT (t), we fit a proportional hazards model with time to

event as the outcome. The linear predictor in the control arm is 0 and in the

treated arm is a function of t to be specified by the data analyst:

h(t) = h0(t) exp [β0R + β1f(t)R]. (18)

For example, the choice f(t) = t specifies that log ITT (t) is linear in time.

To estimate λ(t), we fit a logistic regression model

logit λ(t) = α0 + α1g(t) (19)

to all treatment arm subjects who experienced events. The outcome is 1 if

the subject was a non-complier at the time of the event and 0 if a complier.

g(t) is specified by the data analyst: a polynomial or spline in t or log t could

be an appropriate model.

In the simple case where both λ(t) and ITT (t) are modelled as con-

stants, CACE∗(t) is also constant with the estimator ̂CACE∗ = ÎTT (1−λ̂)

1−λ̂ÎTT
.

Using the approximation for ITT ≈ 1 developed in Section 2, log ̂CACE∗ ≈
log ÎTT/(1− λ̂). By contrast, a recent major trial [20] divided the observed

log hazard ratio by the fraction of person-years on treatment, which amounts

to log ̂CACE∗ ≈ log ÎTT/(1− α̂). This divisor is incorrect unless event rates

are similar among compliers and non-compliers; even then, the method ob-

scures the dubious assumption that λ(t) is constant.
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7 Simulation study and numerical evaluation

To evaluate how well our approximate method may perform in practice, we

evaluated its bias numerically and by simulation. We considered a model

in continuous time in which time to switch, W , is generated for individuals

in both arms: in the treated arm it is observable, while in the control arm

it is understood as the switch time that would have been observed if the

subject had been randomised to treatment. Values of W in the control arm

are used to estimate true parameter values but are not used by the proposed

estimators. To allow for association between time to event T and time to

switch W , we used the following frailty model.

1. Frailty U is distributed with mean 1 and Laplace transform E
[
e−kU

]
=

L (k).

2. Switch time W has constant conditional hazard hW (t|U) = ρW U .

3. Event time T has constant conditional hazard

hT (t|U,W ) =





ρT U if R = C or t > W

ρT θU if R = E and t ≤ W

We let U follow a gamma distribution L (k) = (1 + kV )−1/V with vari-

ance V = 0.1, 0.5, or 2. V controls the asociation between events and

non-compliance. To better understand these values of V , we used Cox re-

gression to compute the hazard ratio between non-compliers and compliers

πE0(t)/πE1(t) on simulated data in the absence of a treatment effect. This

hazard ratio was 1.1, 1.6 and 3.5 for V = 0.1, 0.5 and 2 respectively. We

took ρT = 1; ρW = 0.5 and 1 (giving 33% and 50% switching with V = 0

and θ = 1); and θ = 0.6, 1 and 1.6.

14



For each parameter combination, we used the formulae in appendix B to

evaluate ITT (t), the true CACE(t), and the proposed CACE∗(t). Marginal

treatment effects such as these differ from conditional treatment effects such

as θ, whenever var (U) > 0. For example, a conditional proportional hazards

model without treatment switches with a positive stable frailty also obeys

marginal proportional hazards but with different hazard ratios, while other

frailty distributions yield marginal models with non-proportional hazards

[28].

For each parameter combination, we also simulated 1000 samples of size

1000. We censored each sample at time 1. Dividing follow-up into 10 intervals

of equal width, we estimated ITTi and ITT by Cox regression; CACEi

and CACE by Cox regression, censoring in both arms at W ; and CACE∗
i

and CACE∗ by the methods of Sections 3 and 6. Because of the use of

Cox regression, we call these quantities hazard ratios. Standard errors

and confidence intervals were computed conditional on the estimated λ̂i. To

improve relative precision in estimating confidence interval coverage, we used

90% confidence intervals instead of the commoner 95%. Boundary condition

(1) discussed in Section 2 requires 1 − λ̂ÎTT i > 0. When this was violated,

̂CACE∗
i was taken as +∞. This occurred in 1.7% of cases overall, rising to

5.6% in the last time interval. Boundary condition (2) was not checked since

it is very unlikely to be violated when, as here, interval-specific event rates

are low. In 0.05% of cases, λ̂i was 1, so that ̂CACE∗
i was zero. ̂CACE∗

i

was positively skewed and was summarised by its median. Computing the

coverage of nominal 90% confidence intervals for log CACE∗ required a true

value: this was taken as 0 when θ = 1, and as the simulation mean of CACE∗
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when θ 6= 1.

Figure 1 shows, for θ = 0.6, exact values of log ITT (t), log CACE(t)

and log CACE∗(t), together with the median of log ̂CACE∗
i from the sim-

ulation. As noted above, the presence of frailty makes log CACE(t) move

from log 0.6 = −0.51 towards 0 as time increases. log ITT (t) is much closer

to 0, while log CACE∗(t) approximates log CACE(t) well for V =0.1 and

V =0.5. For V =2, log CACE∗(t) approximates log CACE(t) well for t < 0.5

(corresponding to a cumulative incidence in the control group up to 29%)

but thereafter is substantially closer to 0. Simulated results for log CACE∗
i

had no appreciable bias; the Monte Carlo error in these results ranges from

< 0.01 to 0.02-0.03 as time increases. For θ = 1, log CACE∗
i showed no

appreciable bias in any case (results not shown).

Figure 1 about here

Using the global estimates, the adjustments remove nearly all of the bias

in the unadjusted estimator, performing least well for larger ρW and V (Table

1). ITT-weighting slightly increases the standard error compared with the

unweighted estimator. The model standard error and coverage are accurate,

despite being evaluated conditional on λ̂i.

Table 1 about here

There were differences between unweighted and ITT-weighted P-values

(results not shown). Cases where the unweighted test was significant at the

10% level, but ITT analysis was not, are of greatest concern, since these

could lead analysts to dismiss the ITT significance level. This happened in

434 of all 18000 simulated data sets (2.4%), and in 134 of 1000 simulated

data sets with θ = 0.6, V = 2 and ρW = 1.
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8 Example: the Concorde trial

The Concorde trial evaluated zidovudine (ZDV) therapy in asymptomatic

HIV infection [29]. 1749 participants were randomised to immediate ZDV

(the Imm group) or deferred ZDV (the Def group). Initially it was intended

that the Def group would not receive ZDV until they progressed to AIDS-

related complex (ARC) or AIDS. However, one year after the start of the trial,

the protocol was amended in line with changes in clinical practice to allow

open zidovudine on the basis of persistently low CD4 cell counts before the

onset of ARC or AIDS and to allow primary PCP prophylaxis for participants

with CD4 cell count below 200 cells/µL. The final results of the trial showed

that the Imm group had a small but non-significant reduction in progression

to ARC, AIDS or death, no difference in progression to AIDS or death, and a

small but non-significant increase in mortality compared with the Def group.

We have since investigated how the treatment changes associated with the

protocol change could have affected the trial results [5, 8].

Here we analyse progression to ARC, AIDS or death, and attempt to esti-

mate the effect of treatment if no ZDV had been received before ARC, AIDS

or death in the deferred treatment arm. The framework described above al-

lows for switches from treatment to control only, so we define the ‘treatment’

to be deferring ZDV: the ‘treated’ arm switch to the ‘control’ treatment if

they start ZDV. Of 284 events in Def, 103 occurred in participants who had

started ZDV.

In Concorde, the extended exclusion restriction assumption (9) means

that the event rate among subjects in the Def group who switched to treat-

ment by time t is the same as in those subjects in the Imm group who would
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have switched to treatment by time t had they been randomised to the Def

group: this is reasonable provided we believe that any benefits of treatment

are independent of the length of time for which it has been received. Ap-

proximation (11) holds because event rates are low. Finally, we assume that

censoring is independent of events in the Imm group and independent of both

events and switches in the Def group.

We divided follow-up into 6 intervals of width 200 days and a 7th open-

ended interval. The data are shown in Table 2. For each interval, events

in the Def group were classified according to whether open ZDV had been

started by the time of the event. Person-years are not used by our method

but are shown for illustrative purposes in Table 2, classified by whether open

ZDV was started by the end of the interval.

Table 2 about here

We estimated λi for each interval using the data in Table 2, and ITTi

using Cox regression. The interval-specific results for ITTi and CACE∗
i are

given in Figure 2, with 95% confidence intervals conditional on λ̂i.

Figure 2 about here

We implemented the modelling approach of Section 6 in two ways. Firstly,

we modelled ITT (t) and λ(t) using fractional polynomials [30] of degree 1:

that is, log ITT (t) and logit λ(t) were modelled as linear in tn where n is

selected from the set (-2,-1,-0.5,0,0.5,1,2,3). n = 0, corresponding to the log

transformation, gave the highest reduction in deviance for both models, and

was chosen as the first model.
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Secondly, we expressed both log ITT (t) and logit λ(t) as restricted cubic

splines in t [31]. 5 knots were used, fixed at 100, 400, 700, 1000 and 1300

days: these choices were motivated by the fact that events were fairly evenly

spread over most of the interval from 0 to 1500 days but with some tailing

off at higher values.

Data analysis was performed in Stata. For computational convenience,

time was grouped into 155 small bands within which ITT (t) was taken as

constant.

Results for the log model and the cubic spline model are shown graphically

in Figure 3. The fitted models for logit λ(t) are reasonably similar, showing

an increase in the cumulative proportion of treatment switchers with time.

The fitted models for the unadjusted hazard ratio are also reasonably similar,

showing a benefit of treatment only in the first 500 days or so, although the

spline fit shows more curvature. The adjusted hazard ratio is close to the

unadjusted hazard ratio for the first 800 days, first because λ(t) is small and

then because the hazard ratio is small. After 800 days λ(t) is large and the

adjusted hazard ratio becomes unstable, especially with the spline models.

Figure 3 about here

Despite the treatment-time interaction suggested by Figure 3, it is also

useful to produce overall estimates of treatment effects (Table 3). The un-

weighted adjusted estimate is almost 3 times as large as the unadjusted

estimate, and has a much smaller significance level: this is because it implic-

itly assigns more weight to earlier times, when treatment is more beneficial.

ITT-weighting restores the significance level of the unadjusted analysis and

gives a less extreme point estimate. Similar results are achieved whether λ(t)
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is modelled in terms of log time or cubic splines, but wrongly modelling it as

a constant somewhat reduces the effect.

Table 3 about here

Some treatment switches could in principle be consequences of disease

processes that precede disease events, in which case correction for these

switches would be inappropriate. Observing a large number of switches just

before events would warn of this danger. This is not the case in the Con-

corde data: of the 103 individuals who switched and subsequently had an

event, only 13 switched in the last 10% of their follow-up time before the

event. However, to protect against any possible bias, we lagged treatment

changes by 180 days. This reduced to 73 the number of individuals who had

an event after switching, and so the adjusted treatment effect was somewhat

less extreme than when all switches were included (Table 3).

Table 3 also shows that the two methods of computing standard errors

discussed in Section 4 – conditional on λ̂ and by bootstrap methods – give

very similar results. Bootstrap confidence intervals tend to be slightly asym-

metrical but remain very similar to the normal-theory conditional confidence

intervals.

9 Discussion

We have proposed methods for adjusting for time-dependent treatment changes

in a hazard-based framework. In this setting, some assumption about long-

term effects of treatment is essential. We chose to assume that past treatment

has no effect on current hazard. This motivated the extended exclusion re-

striction assumption that the hazard at time t is independent of randomised
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arm for individuals who, if allocated to treatment, would have stopped it by

time t. If in fact subjects who have recently stopped treatment have a risk

intermediate between that of compliers and total non-compliers, then our

method yields an over-correction for treatment changes; one solution to this

difficulty is to lag treatment changes.

Our approximate method yields a simple expression relating the adjusted

hazard ratio to the unadjusted hazard ratio and the proportion of non-

compliers among individuals experiencing events, where all these quantities

may be time-dependent. The approximation is widely plausible since it holds

either if the treatment effect is small or if the total event rate is small. The

approximate method allows the analyst to model the unadjusted hazard ra-

tio and the proportion of non-compliers over time using standard modelling

techniques, and then either to combine them into a model for the adjusted

hazard ratio, or to estimate a constant adjusted hazard ratio. It has been

implemented as a Stata program adjhr.ado which is available from the first

author.

Instead of our approximate method, an exact method should be possible

by using maximum likelihood methods in the more general framework laid

out in Appendix A. It should also be possible to extend this framework to

incorporate more general assumptions about long-term effects of treatment,

for example that the treatment effect is halved in the interval following treat-

ment cessation, and to allow for more general censoring mechanisms. Further

work is ongoing in this area.

Both unweighted and weighted likelihood methods give valid significance

levels, but the unweighted method achieves slightly smaller standard errors,
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while the weighted method preserves log rank test significance levels. We

regard preserving ITT significance levels as an advantage for two reasons.

Firstly, in up to 13% of simulated datasets, the unweighted approach yielded

significant results when the ITT results were not significant. This could lead

potentially misleading claims of significance based on an adjusted analysis.

Given the dangers of multiple testing, an analysis that preserves the P-value

is desirable. Secondly, the unweighted method gains precision by assigning

greater weight to earlier intervals in which compliance is greater. Trials in

which the estimated treatment effect tends to be larger in earlier follow-up

than in later follow-up, such as Concorde, are common. In such trials, the

unweighted method will tend to make both the point estimate and the sig-

nificance level more extreme. However, adjustment for treatment switching

is usually a secondary analysis, and one would want any differences from the

primary analysis to reflect treatment switching itself rather than a change in

weighting. One might consider using the unweighted adjusted analysis as a

primary analysis, but the small potential gain in power would not make up

for the loss of credibility in departing from familiar rank tests [25].

Our results indicate potential pitfalls in simple approaches to correcting

hazard ratios for non-compliance. In particular, dividing the observed log

hazard ratio by the fraction of person-years on treatment may be inappro-

priate. It is better to divide by the fraction of treatment among individuals

who experience events, but if this fraction is not constant then full use of our

method is required.

Extension of the hazard-based approach to switches between two treat-

ments, or allowing switching from control to treatment as well as treatment

22



to control, would be valuable. This requires either the assumption of no

defiers (subjects who will always do the opposite of their randomisation) or

the assumption that the relative causal effect of treatment is the same for all

types of subject [11]. The approximation described in Appendix A should

apply in this setting. Allowing for a continuous compliance variable such as

the proportion of time so far spent on treatment would also be valuable. Fi-

nally, our method applies to placebo-controlled trials in which some treated

subjects stop treatment, provided that the placebo effect may be ignored,

which is often reasonable [32].
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A Full model and approximation for the com-

plier average causal risk ratio

A.1 Notation

Let follow-up be divided into intervals i = 1, . . . , I. We first assume there is

no censoring except at the end of interval I. We drop individuals from the

notation. As before, r = E, C denotes randomised group. Define compliance-

type W as a random variable which combines the individual’s compliance if

randomised to treatment and the individual’s compliance if randomised to

control. In the terminology of Frangakis and Rubin [33], W determines

principal strata. Let zr
wi denote the actual treatment of an individual in

principal stratum w in interval i if they are randomised to r, and Zi the

corresponding random variable. Actual treatment Zi is a post-randomisation

random variable whereas compliance-type W is independent of randomised

group. Let W be the set of possible values of W . Define the following subsets

of W :

Compliers: Ci =
{
w : zE

wi = 1, zC
wi = 0

}

Always-takers: Ai =
{
w : zE

wi = 1, zC
wi = 1

}

Never-takers: Ni =
{
w : zE

wi = 0, zC
wi = 0

}

Defiers: Di =
{
w : zE

wi = 0, zC
wi = 1

}

Let T be a random variable equal to the interval in which an individual

dies, or I + 1 if the individual does not die. Let

τw = P (W = w)

hr
wi = P (T = i|T ≥ i,W = w, R = r)
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Sr
wi = P (T ≥ i|W = w, R = r) =

i−1∏

j=1

(1− hr
wj)

Sr
i = P (T ≥ i|R = r) =

∑
w

τwSr
wi

and for any A ⊂ W , hr
Ai = P (T = i|T ≥ i,W ∈ A,R = r)

Sr
Ai = P (T ≥ i|W ∈ A,R = r) =

∑

w∈A

τwSr
wi/

∑

w∈A

τw

A.2 Model

We make two assumptions:

1. that the set Di is empty, that is, that there are no defiers [11].

2. the exclusion restriction hE
wi = hC

wi whenever w ∈ Ai ∪Ni.

We want to estimate the risk ratios in the group Ci of compliers at interval i:

CACEi = hE
Cii

/hC
Cii

.

One approach would be to write down the likelihood and maximise it by an

EM algorithm. We propose a simpler, approximate approach.

A.3 Approximate estimation

We may show that

CACEi =
P (T = i,W ∈ Ci|R = E)

P (T = i, W ∈ Ci|R = C)
× P (T ≥ i,W ∈ Ci|R = C)

P (T ≥ i, W ∈ Ci|R = E)

=

∑

w∈Ai∪Ci

τwSE
wih

E
wi −

∑

w∈Ai

τwSE
wih

E
wi

∑

w∈Ni∪Ci

τwSC
wih

C
wi −

∑

w∈Ni

τwSC
wih

C
wi

× SC
Cii

SE
Cii

=

1

SE
i

∑

w∈Ai∪Ci

τwSE
wih

E
wi −

1

SC
i

∑

w∈Ai

τwSC
wih

C
wi

[
SE

wiS
C
i

SC
wiS

E
i

]

1

SC
i

∑

w∈Ni∪Ci

τwSC
wih

C
wi −

1

SE
i

∑

w∈Ni

τwSE
wih

E
wi

[
SC

wiS
E
i

SE
wiS

C
i

] ×
[
SE

i SC
Cii

SC
i SE

Cii

]
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where the third equality follows from the exclusion restriction.

The terms in square brackets are near 1 if the total event rate is small for

all w, since then each Sr
wi, S

r
Cii

, Sr
i ≈ 1. They are also near 1 if the treatment

effect is small, since then SE
wi ≈ SC

wi, SE
Cii
≈ SC

Cii
and SE

i ≈ SC
i . Setting these

terms equal to 1 yields the approximation

CACEi ≈ CACE∗
i =

1

SE
i

∑

w∈Ai∪Ci

τwSE
wih

E
wi −

1

SC
i

∑

w∈Ai

τwSC
wih

C
wi

1

SC
i

∑

w∈Ni∪Ci

τwSC
wih

C
wi −

1

SE
i

∑

w∈Ni

τwSE
wih

E
wi

=
πE

1i − πC
1i

πC
0i − πE

0i

where

πr
zi = P (Zi = z, T = i|T ≥ i, R = r)

for r = E, C, z = 0, 1 is the proportion of survivors who die on treatment

(z = 1) or who die off treatment (z = 0) within each arm. All the πr
zi are

directly estimable. Finally, it is convenient to write

ITTi =
πE

+i

πC
+i

λE
i = P (Zi = 0|T = i, R = E) = πE

0i/π
E
+i

λC
i = P (Zi = 1|T = i, R = C) = πC

1i/π
C
+i

so that CACE∗
i =

(1− λE
i )ITTi − λC

i

(1− λC
i )− λE

i ITTi

We propose estimating CACE∗
i from natural estimates of ITTi, λE

i and

λC
i . In the presence of censoring, this estimate is valid provided that the nat-

ural estimates of ITTi, λE
i and λC

i are valid, which occurs if censoring is inde-

pendent of both survival and actual compliance. A likelihood-based approach

would be valid if censoring was independent of survival given compliance-

type, a condition that has been termed latent ignorability [26, 34].
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A.4 One-way switching

In the setting described in the main text, the experimental group may stop

treatment but the control group may not start treatment. W becomes simply

the interval in which an individual would stop treatment if randomised to

E, or I + 1 if the individual would remain treated throughout follow-up;

W = {1, 2, . . . , I + 1}; and zC
wi = 0 for all i and w, while zE

wi = 1 if i < w, 0

if i ≥ w. The sets Ai and Di are empty. It follows that λC
i = 0 and

CACE∗
i =

(1− λE
i )ITTi

1− λE
i ITTi

as in equation (4).
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B Hazard ratios under the simulation model

For r = E, C, define

Sr0(t) = P (T ≥ t,W < t|R = r)

Sr1(t) = P (T ≥ t,W ≥ t|R = r)

fr0(t) = lim
δt→0

P (t < T < t + δt, W < t|R = r) /δt

fr1(t) = lim
δt→0

P (t < T < t + δt, W ≥ t|R = r) /δt

For the frailty model of Section 7, we calculate

SE0(t) = EU

[∫ t

0
ρW Ue−ρW Use−ρT (θs+t−s)Uds

]

=
ρW

ρW + ρT (θ − 1)
{L (ρT t)− L ([ρW + ρT θ]t)}

SE1(t) = EU

[∫ ∞

t
ρW Ue−ρW Use−ρT θtUds

]

= L ([ρW + ρT θ]t)

SC1(t) = EU

[
e−ρT Ute−ρW Ut

]

= L ([ρT + ρW ]t)

fC1(t) = EU

[
ρT Ue−ρT Ute−ρW Ut

]
δt

= ρTL′ ([ρT + ρW ]t) δt

fE1(t) = EU

[
ρT θUe−ρT θUte−ρW Ut

]
δt

= ρT θL′ ([ρT θ + ρW ]t) δt

fE0(t) = EU

[∫ t

0
ρT Ue−ρT [θs+t−s]UρW Ue−ρW Usds

]
δt

=
ρT ρW

ρT (θ − 1) + ρW

{L′ (ρT t)− L′ ([ρT θ + ρW ]t)} δt

where L′ (k) = −dL(k)
dk

= EU

[
Ue−kU

]
. Using these, and noting πC(t) = ρT , we

can compute ITT (t) = fE0+fE1

SE0+SE1
/ρT , CACE(t) = fE1

SE1
/ fC1

SC1
, λ(t) = fE0/(fE0 +

fE1) and CACE∗(t) = ITT (t)(1−λ(t))
1−λ(t)ITT (t)

.
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Captions for Figures

Figure 1

Log hazard ratios for the conditional exponential model with θ = 0.6. True

CACE(t), unadjusted ITT (t) and adjusted CACE∗(t) are calculated theo-

retically. Median of adjusted ̂CACE∗
i is derived from simulations.

Figure 2

Concorde trial: ÎTT i and ̂CACE∗
i for Immediate versus Deferred zidovudine,

estimated in 200-day intervals. 95% confidence intervals are conditional on

λ̂i.

Figure 3

Results using the continuous-time approach in Section 6. Lower panels show

log ITT (t) (dashed lines) and log CACE∗(t) (solid lines). log ITT (t) and

logit λ(t) are modelled as linear in log time (left-hand panels) or using cubic

splines (right-hand panels).
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Dear Mike,

Thank you for your letter of 21st July 2003 about this paper. We have

now substantially revised it and we would like to resubmit it. Our replies to

the referee’s comments are listed below.

Best wishes,

Ian

Reply to referee

Thank you for your critical comments. In replying to them, we believe that

we have substantially improved the paper. Most fundamentally, your com-

ments about the apparent implausibility of our assumptions has led us to

develop an entirely new justification for the method. The method itself is

unchanged.

In this revision we have also improved the notation. We have changed

T to E for the experimental treatment arm; changed RR, R̃R and RR∗ to

ITT , CACE and CACE∗; dropped the subscript on α; and worked in terms

of λ = απE0

πE
instead of ν = λ/(1− λ).

Major comments

1 The assumptions are implausible. We agree that the assumptions ap-

peared too restrictive. We have done new work to justify the method.

Instead of basing our method on two assumptions that would never

be exactly true, it is now based on one ‘extended exclusion restriction’

assumption that is at least reasonable (that randomised allocation does

1



not affect hazard at time t in individuals who would not receive treat-

ment at time t regardless of allocation). The approximation is made

explicit, and we can now show that the approximation is valid under

broader circumstances than we thought previously.

As a result we have completely rewritten Section 3. The theoretical

justification, based on the principal stratification idea of Frangakis and

Rubin (2002), appears in a new Appendix A.

Methods far cruder than our approximate method are currently being

used in practice: as an example, we now cite the analysis of the Heart

Protection Study (Sections 1 and 6). We believe that our method

combines sufficient theoretical justification with sufficient simplicity to

be able to replace such ad hoc methods.

2 Lack of attention to special cases. We do not agree that the case when

there are no compliant patients in the treated group is of special inter-

est: such a trial would provide no evidence about treatment efficacy,

no matter how sophisticated the statistical methods used. However, we

do agree that we overlooked a second “boundary condition” (see our

reply to minor point 11 below). We have corrected and extended the

discussion of special cases in Sections 2 and 7.

3 Lack of motivation for the ITT-weighted approach. We have extended

the argument in Sections 7 and 9. In particular, we have explored

the discrepancy between the two methods in the simulation study. Up

to 13% of simulated data sets have statistically significant results on

unweighted analysis but not on ITT analysis, and we argue that this

2



unnecessarily generates extra multiplicity and extra potential pitfalls

for unwary analysts.

Minor comments

1 Agreed: we have inserted the word “approximate” in the title.

2 Agreed: “our method” is now singular throughout the abstract.

3 Agreed: we have inserted a definition of ‘efficacy’ here.

4-6 Agreed: we have re-written these paragraphs.

7 Agreed: we have removed this equation.

8 Agreed: we have clarified the approximation as follows: “Firstly, for

risk ratios near 1, a Taylor series expansion of equation (4) about

log ITT = 0 gives log CACE∗ ≈ log ITT/(1− λ).”

9 Clarify equality πT0 = πC and distinguish αT = 1, 6= 1. We now state

the assumption α < 1, which we believe is the only case of interest, at

the start of Section 2. We include a new paragraph to discuss the case

α̂ = 1.

We have added a brief explanation of how we derive the expression

ITT = α+(1−α)CACE∗ – we do not agree that this would be clearer

if we stated the assumption as πE0 = πC1.

10 Agreed, but we have now dropped the subscript T from α throughout.

11 We have much improved our treatment of the boundary conditions. We

have separated breaches of the first boundary condition into cases dE1 >

3



0, = 0. We have justified our assertion that the best estimate if dE1 > 0

is +∞ – “the profile likelihood increases with CACE and the maximum

likelihood estimate is +∞”. We have commented on the case dE1 = 0:

“the data provide no information about CACE”. We have also inserted

the second boundary condition (nC − dC)/nC > (nE0 − dE0)/nE: we

wrongly neglected it before, because we are imagining short intervals

with few events, in which the second boundary condition will almost

certainly hold.

12 Agreed: we now start the second paragraph of Section 3 with “We con-

sider the case where individuals in the control arm are never treated.”

13 Agreed: our statement that ν = dT1i/dT0i was wrong and should have

been ν = dT0i/dT1i. In our new notation this becomes λ̂i = dE0i/dE+i.

14 Agreed that these lines were unhelpful: they have been removed and

appendix B has been tidied up to link better with the text.

15 We used 90% instead of 95% confidence intervals to give greater relative

precision in estimating empirical coverages. We have now stated this

in Section 7.

16 Checking boundary conditions in the simulation study. We previously

reported checks of the first boundary condition without identifying

them as such. We have now clarified this: “Boundary condition (1)

discussed in Section 2 is that 1− λ̂ÎTT i > 0. When this was violated,

̂CACE∗
i was taken as +∞. This occurred in 1.7% of cases overall, rising

to 5.6% in the last time interval.” We did not check boundary condition

4



(2) and we have inserted the following justification: “ Boundary condi-

tion (2) was not checked since it is very unlikely to be violated when,

as here, interval-specific event rates are low.” The previous version of

the paper also stated that ̂CACE∗
i “was taken as 0 when ν̂i = +∞”:

this is now redundant as λ̂ = 1 in this case, so ̂CACE∗ = 0 follows

directly except in the case 1− λ̂ÎTT i ≤ 0 which was discussed before.

17 Agreed: we have run this sentence on to the previous one.

18 Link function. The link function was correctly stated as log because

the argument ν was the odds of having stopped treatment. Our new

notation uses the probability of having stopped treatment so the link

function is indeed now the logit.

How is censoring incorporated into the estimation of ν(t)? This was

and is addressed in Section 3, but the text was rather obscure. We have

expanded it as follows: “In the presence of censoring, the estimate

of CACEi is valid provided that (1) the natural estimate of ITTi is

valid, which happens if censoring is independent of event time, and

(2) the natural estimate of λi is valid, which happens if censoring in

the treated arm is independent of actual treatment, conditional on

event time. We therefore make different assumptions in the two arms.

In the treated arm, we assume that censoring is independent of both

events and compliance, whereas in the control arm we only assume that

censoring is independent of events”.
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Other changes

1. Sections 6 and 7 have been swapped round.

2. We have rewritten substantial parts of Section 1, 2, 3 and 9.

3. Parts relating to the two old approximate assumptions have been deleted

and replaced with new material as appropriate: old Section 6.1 has

been deleted, old Figure 1 has been dropped with associated text in

old Section 6, and the assumptions for Concorde in Section 8 have been

rewritten.
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